There are well-known necessary conditions for the existence of a generalized Bhaskar Rao design over a group G, with block size k = 3. It has been conjectured that these necessary conditions are indeed sufficient. We prove that they are sufficient for groups G of order pq where p, q are primes and for groups of all orders ≤ 100 except possibly 32, 36, 48, 54, 60, 64, 72, 96. 
Introduction
Throughout this paper G is a finite (multiplicative) group, 0 ∈ G is a zero symbol, and v, b, r, k, λ are positive integers with v ≥ 3. Clearly λ ≡ 0 (mod |G|). Furthermore, taking a GBRD(v, b, r, k, λ; G) and replacing the group entries by 1 and leaving the others 0, produces a (0, 1)-matrix which is an incidence matrix for a BIBD(v, b, r, k, λ), ( . We usually refer to a GBRD(v, k, λ; G), or to a GBRD(v, k, t|G|; G).
Example 2.
We give examples of designs over S 3 . Define (i) A GBRD (14, 4, 6 ; S 3 ). We require 14 rows with 4 nonzero entries in each column. Label the rows by 0, 1, 2, . . . , 12, ∞. A block {(∞, 1) , (12, z) , (10, za 2 ), (6, 1)} defines a column in which the nonzero entries are in rows ∞, 12, 10, 6 and the entries are 1, z, za 2 , 1 respectively. The following initial blocks generate a GBRD (14, 4, 6 ; S 3 ), with the first coordinate developed mod 13. That is, for each initial block there are 13 columns in the array:
{(∞, 1), (0, a 2 ), (1, za) , (3, a) }, {(∞, 1) , (12, z) , (10, za 2 ), (6, 1)}, {(0, 1), (2, za 2 ), (5, za 2 ), (6, a 2 )}, {(0, 1), (3, za 2 ), (9, 1), (2, za)}, {(0, 1), (9, a) , (1, a) , (6, 1) }, {(0, 1), (10, z) , (4, za) , (5, za) }, {(0, 1), (4, a) , (12, za) , (2, 1) }.
(ii) A GBRD (11, 4, 6 ; S 3 ). In this case label the rows by 0, 1, 2, 3, . . . , 10 . The following initial blocks generate a GBRD (11, 4, 6 ; S 3 ), with the first coordinate developed mod 11:
{(0, 1), (2, z) , (3, za) , (10, za 2 )}, {(0, 1), (6, z) , (9 , za 2 ), (8, za 2 )}, {(0, 1), (7, za) , (5, za) , (2, (12, a) , (7, a) , (20, a 2 )}, (14, za) , (17, z)}.
Necessary conditions when k = 3
Necessary conditions for the existence of a GBRD(v, 3, λ; G) are well known and are given, for example, in Abel et al. [5] :
If G is a finite group, then the following conditions are necessary for the existence of a GBRD(v, 3, λ; G):
if |G| is even.
(iv) If v = 3, and G has a nontrivial cyclic Sylow 2-subgroup, then λ ≡ 0 (mod 2|G|).
In many cases these necessary conditions are sufficient to ensure that a GBRD(v, 3, λ; G) exists. Abel et al. [5] show they are sufficient when v = 3 and that this is a consequence of the recently proved long standing Hall-Paige conjecture (Evans [9] , Wilcox [16] and Wilcox, Evans and Bray [6] , New results). They are sufficient when the group is abelian, and the proof of this involved many people and was completed by Ge et al. [10] . The necessary conditions are shown to be sufficient for any odd order nilpotent group by Palmer [14] , for any dihedral group by Abel et al. [3] , and for any sufficiently small group or any dicyclic group by Abel et al. [5] . We summarise these results in the following theorem: Theorem 4. Let G be a finite group, and v ≥ 3, then in each of the following cases, the necessary conditions given in Lemma 3 are sufficient for the existence of a GBRD(v, 3, λ; G): Abel et al. [5] conjecture that these necessary conditions are always sufficient. 
GBRD(v, 3, λ; G) over groups of order 24
In this section we prove that Conjecture 5 holds for groups of order 24. That is we prove: There are 15 groups of order 24. These groups are all well known. We use notation from Thomas and Wood [15] and denote the groups: 24/1, . . . , 24/15. Groups 24/1, 24/2 and 24/3 are abelian, i.e. C 24 , C 12 ×C 2 and C 6 ×C 2 2 . Up to isomorphism, there is only one group of the form C 3 C 8 and one of the form C 3 D 4 , so the list is unambiguous.
24/1
C 24 24/2
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24/4
For groups of order 24, the necessary conditions in Lemma 3 give no restrictions on v for the existence of a GBRD(v, 3, 24t; G), when v > 3 and t ≥ 1. Any group of order 24 has a Sylow 2-subgroup of order 8. However, only for those groups whose Sylow 2-subgroup is cyclic is there any restriction for v = 3, i.e. if v = 3, then t ≡ 0 (mod 2). Only C 3 C 8 and C 24 have cyclic Sylow 2-subgroups. Thus we can rephrase Theorem 10:
Proof. It is sufficient to prove the theorem for non-abelian groups G of order 24 and v > 3. If G ∼ = C 3 C 8 , then G has a non-cyclic Sylow 2-subgroup and hence a GBRD(3, 3, 24; G) exists by Theorem 4. In Theorem 25 we show that there exists a GBRD(u, 3, 24; G) for u ∈ {4, 5, 6, 8}. From Lemma 7 we have that there exists a PBD(v; {3, 4, 5, 6, 8}; 1) for all v ≥ 3. Therefore, there exists a GBRD(v, 3, 24; G) for all v ≥ 3, by Theorem 8. Putting t copies next to each other gives a GBRD(v, 3, 24t; G) for all t ≥ 1 and all v ≥ 3. If G ∼ = C 3 C 8 , then the Sylow 2-subgroup is cyclic, and hence no GBRD(3, 3, 24; G) exists. Let K = {4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 18, 19, 23} . In Theorem 26 we show that, for u ∈ K , there exists a GBRD(u, 3, 24; G). From Lemma 7 we have that for all v ≥ 4 a PBD(v; K ; 1) exists. Therefore, there exists a GBRD(v, 3, 24; G) for all v ≥ 4, by Theorem 8. Putting t copies next to each other gives a GBRD(v, 3, 24t; G) for all t ≥ 1 and all v ≥ 4.
Designs over groups of order 24 for use in the proof of Theorem 10
From Thomas and Wood [15] we determine facts about the normal subgroup structure of groups of order 12 and 24 for use in the constructions in our proof of Theorem 11: Proof. Let G be a group of order 24 and let N be a normal subgroup of order 8, then G/N ∼ = C 3 . By Ge et al. [11] 
(ii) A GBRD(6, 3, 24; G) can be obtained by cyclically permuting the first 5 rows in each of the 24 columns in the following 2 arrays, while leaving the sixth row unaltered. The next theorem gives the additional designs needed over the group C 3 C 8 .
Theorem 26. For v ∈ {4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 18, 19 , 23} a GBRD(v, 3, 24; C 3 C 8 ) exists. 
General results
Let G be a group and N a proper (i.e. N = G) normal subgroup. Suppose that there exists a GBRD(3, 3, |N|; N) and that for v ≥ 4, the necessary conditions on v for the existence of a GBRD(v, 3, |G|; G) are the same as the necessary conditions for the existence of a GBRD(v, 3, |G/N|; G/N). Then, by Theorem 9, if Conjecture 5 holds for the quotient G/N, it also holds for G. Necessary condition restrictions on v ≥ 4 depend only on (i) whether or not the group order is divisible by 3 and (ii) whether the group order is divisible by 2 but not by 4. We summarise this in the following lemma:
Lemma 28. Let G be a group with a proper normal subgroup N. Suppose that Proof. Let G be a group of order |G| = pq, where p and q are distinct primes, p < q. From the Sylow theorems it follows that the Sylow q-subgroup, which is cyclic, is normal in G. The Sylow p-subgroup, which is also cyclic, is not normal unless G is itself cyclic. If |G| is even, then p = 2 and G is either abelian or dihedral. The result then follows from Theorem 4. If |G| is odd, then p ≥ 3. Let N ∼ = C q be the Sylow q-subgroup of G, so G/N ∼ = C p . Since p and q are primes with 3 ≤ p < q, if either of them is 3 it must be that p = 3 and hence |G/N| = p = 3 ≡ 0 (mod 3). Hence, by Corollary 29, Conjecture 5 holds for G.
Designs over groups of order 24 < |G| ≤ 100
The number of groups, and of non-abelian groups, of each order ≤ 100 is well known; see for example Thomas and Wood [15] . For many of these it can be determined that Conjecture 5 holds by using the Sylow theorems and normal structure as determined from the group order alone. We consider these case by case below, and in doing so we prove that:
Theorem 32. Conjecture 5 holds for any group G which has order |G| ≤ 100, |G| ∈ {32, 36, 48, 54, 60, 64, 72, 96}.
Groups of order 32 or 64 are 2-groups and need special consideration as such. Note that it required detailed consideration of each group to show that Conjecture 5 holds for groups of order 16 in Abel et al. [5] . The only prime divisors of the numbers 36, 48, 54, 72, 96 are 2 and 3. For these groups it is unlikely that the normal structure and known smaller designs will be enough to show that Conjecture 5 holds for these designs simply by considering the group order. (Note the details needed to show Conjecture 5 holds for groups of order 12 in Abel et al. [4] and Combe et al. [7] , for groups of order 18 in Abel et al. [5] and in this paper for groups of order 24.) There is a simple group of order 60 (i.e. no normal subgroups), so new techniques will be needed to address the groups of order 60.
• Group order ≤24. Theorem 4 applies for order <24, and Theorem 10 for order 24.
• • Group order 25, 45, 49, 99. All abelian groups but not all cyclic. Theorem 4 applies.
• Group order 26, 34, 38, 46, 58, 62, 74, 82, 86, 94. There is 1 non-abelian group for each order and it is dihedral. Theorem 4 applies.
• Group order 27 = 3 3 and 81 = 3 4 . (There are 2 non-abelian groups of order 27 and 10 non-abelian groups of order 81.) All odd order nilpotent. Theorem 4 applies.
• Group order 28, 44, 76, 92. There are 2 non-abelian groups for each order and they are the dihedral and dicyclic groups.
Theorem 4 applies.
• Group order 39 = 3 × 13; 55 = 5 × 11; 57 = 3 × 19; 93 = 3 × 31. (In each case there is 1 non-abelian group.) Theorem 31 applies.
• Group order 30 = 2 ×3×5. (There are 3 non-abelian groups of order 30.) Any group of order 30 must have a cyclic Sylow 5-subgroup ( ∼ = C 5 ), which is a normal subgroup. This can be seen by referring to Thomas and Wood [15] , or alternatively by arguing as we do for groups of order 90. Hence Lemma 28 applies.
• Group order 40 = 2 • Group order 52 = 2 × 2 × 13. (There are 3 non-abelian groups of order 52.) Any group of order 52 must have a cyclic Sylow 13-subgroup ( ∼ = C 13 ), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 56 = 7 × 2 3 . (There are 10 non-abelian groups of order 56.) Let G be any group of order 56. The Sylow 7-subgroups are cyclic ( ∼ = C 7 ). Let n 7 denote the number of Sylow 7-subgroups. By the Sylow theorems, we have that n 7 is a divisor of |G| 7 = 8 and n 7 ≡ 1 (mod 7), so n 7 = 1 or 8. If n 7 = 1, then the Sylow 7-subgroup is normal and Lemma 28 applies. So assume that n 7 = 8. Then, by the Sylow theorems, there must be 8 conjugate Sylow 7-subgroups. In this case there are 8 × 6 = 48 elements of order 7 so only 8 other elements in G. Hence there is only one Sylow 2-subgroup and so it must be a normal subgroup of G. If the normal Sylow 2-subgroup were in fact cyclic, then G would be abelian, contradicting n 7 = 8. (This is because every element of the group outside the Sylow 2-subgroup is an element of order 7. An element of order 7 cannot act, by conjugation, nontrivially on a cyclic group of order 8 because the automorphism group of C 8 has order 4.) So we may assume that the normal Sylow 2-subgroup is not cyclic. Setting N to be the (noncyclic) Sylow 2-subgroup, Theorem 30 applies.
• Group order 63 = 3 2
